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I will comment on the estimators for the marginal likelihood in Section 7, describe an alternative
method using an importance sampler, and refer to past work on this problem in the physics literature.

Of the estimators for p(x) discussed, p̂1 and p̂4 are based solely on the likelihoods of values sampled
from the posterior. In many problems, the posterior is determined largely by the likelihood, the effect
of the prior being small. Even replacing the prior with an improper distribution will often have little
effect on what a typical sample drawn from the posterior looks like. The value of p(x) depends strongly
on the prior, however — with an improper prior, it is reduced to zero. In such situations, p̂1 and p̂4

cannot work well. As the authors note, there are also problems with p̂2. I am not convinced that the
hybrid of p̂3 avoids these difficulties.

Better results may be obtainable using an importance sampler that approximates the posterior,
perhaps constructed using WLB as in Section 2. If ĝ is the normalized importance sampling density,
p(x) may be estimated by
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where θ(1), . . . , θ(m) are drawn freshly from ĝ (points used in constructing ĝ should not be reused).

For complex distributions, constructing a good importance sampler becomes infeasible. Techniques
developed for the equivalent problem of estimating the “free energy” of a simulated physical system
can be applied, however. Generally, a series of intermediate distributions that connect the posterior
to an analytically-tractable reference distribution must be introduced (though see (Voter, 1985)). For
the acceptance ratio method (Bennett, 1976), successive distributions must overlap significantly. For
the thermodynamic integration (Bash, et al, 1987) and interpolation (Bennett, 1976) methods, they
need not, but a smoothness assumption must be justified. With umbrella sampling (Torrie and Valleau,
1977), the intermediate distributions are implicit; a single simulation run visits all intermediate regions.

References

Bash, P. A., Singh, U. C., Langridge, R., and Kollman, P. A. (1987), “Free energy calculations by
computer simulation”, Science, vol. 236, pp. 564-568.

Bennett, C. H. (1976) “Efficient estimation of free energy differences from Monte Carlo data”, Journal
of Computational Physics, vol. 22, pp. 245-268.

Torrie, G. M. and Valleau, J. P. (1977) “Nonphysical sampling distributions in Monte Carlo free-energy
estimation: Umbrella sampling“, Journal of Computational Physics, vol. 23, pp. 187-199.

Voter, A. F. (1985) “A Monte Carlo method for determining free-energy differences and transition state
theory rate constants”, Journal of Chemical Physics, vol. 82, pp. 1890-1899.


